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The starting point of the present investigation is the well-known result by Helstrom, 
identifying the best achievable bias in distinguishing two quantum states under all mea- 
surements as (half) the trace norm of their difference. We turn this around, noticing that 
every sufficiently rich set M of measurements on a fixed quantum system defines a statisti- 
cal norm || • ||m on the states of that system, via the optimal bias achievable when restricted 
to M. These norms are all upper bounded by the usual trace norm, and in finite dimen- 
sional Hilbert spaces they are all equivalent to the trace norm in the sense that there exist 
"constants of domination" A and such that 

AH • |U < || • || M < Mil " Hi 

which are optimal in the sense that there exist states such that the bounds are tight. In other 
words, if we rate the performance of a set of measurements in distinguishing a given pair of 
states (of equal prior probability) as the ratio of the largest bias that can be obtained by such 
measurements to the best bias achievable when allowing all measurements, then A and fi 
determine the worst and best case performance respectively for any pair of states. Here we 
set ourselves the task of computing, or at least bounding such constants for various sets of 
measurements M. 

Specifically, we look at the case that M consists only of a single measurement, namely 
the uniformly random POVM, 2-designs, and 4-designs where we find asymptotically tight 
bounds for A and //. Furthermore, we analyse the multipartite setting where the set of 
measurements consists of all POVMs implementable by local operations and classical com- 
munication (among other, related classes). 

In the case of two parties, we show that the lower domination constant A is the same as 
that of a tensor product of local uniformly random POVMs up to a constant. This answers 
in the affirmative an open question about the (near-)optimality of bipartite data hiding: 
The bias that can be achieved by LOCC in discriminating two orthogonal states of a d x d 
bipartite system is £1(1 /d), which is known to be tight. Finally, we use our analysis to derive 
certainty relations (in the sense of Sanchez-Ruiz) for any such measurements and to lower 
bound the locally accessible information for bipartite systems. 



INTRODUCTION 

Quantum measurements, as described by positive operator valued measures (POVMs) (M&) := 
(Mfc)£ =1 on some Hilbert space H, can be viewed as completely positive maps from the set of 
density operators to probability vectors 

n 

M : i i — > ^2 \k)(k\ Tr(£M fc ), 

k=l 
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where we represent the probability vector as an operator, diagonal in the "label" basis {\k)} of 
the n-dimensional space C n . As such, they are non-increasing for the statistical distance given by 
the trace norm ||X||i = TV \X\ = Tr VX^X: since M. is a completely positive and trace preserving 
(CPTP) map, we have that for any operator X 

HM*)iii<pnii- a) 

If X > 0, then equality holds as both the left, and the right hand side equal Tr(X). However, for 
traceless Hermitian operators X, which are all - up to a scalar factor - of the form p — a with states 
p and a (i.e. positive semidefinite operators of trace 1), the inequality 

WMip-a)^ < ||p (2) 

is typically strict. On the other hand, there always exists a measurement that saturates this in- 
equality - for instance the spectral measure of p — a. In fact, the two-outcome projective mea- 
surement (Mo, 1 — Mo) with Mo a projector onto the positive eigenspace of p — a makes eq. (|2j 
an equality. This is essentially the content of Helstrom's Theorem: consider a situation where 
we want to discriminate between two (a priori equiprobable) states p and a. Then, for a given 
measurement POVM (M&), we base our decision on the probability vectors p = (Tr(pM^)) and 
q = (Tr(oMfc)). The optimal decision rule is easily seen to be the maximum likelihood rule: observ- 
ing k, we decide on pifpk > q k , otherwise on a. This gives us error probability 

k 

where for the probability vectors we refer to the £ 1 -norm and for the image of M. to the trace 
norm, since they coincide for diagonal matrices. The quantity 

(3{(M k );p-a) := - q\h = l -\\M{p - a)\\ x , 

ranging between (for identical probability vectors) and 1 (for orthogonal probability vectors) is 
known as the bias of the POVM on the state pair (p, a). Helstrom's Theorem is the statement that 
the minimum error probability over all POVMs is \ — V\p — o"||i, corresponding to the maximum 
bias being ^\\p — a\\. 

Thus we are motivated to look in generality at the situation where we are restricted in our 
choice of measurement. Formally, let M be a set of POVMs. For convenience, take the elements 
of M to be discrete POVMs, since we will show below that we lose nothing by restricting to two- 
outcome POVMs. The optimal bias achievable by M for £ = p — a is given by |||£||m where the 
norm is defined by 

||£||m:= sup ||M(0lli. (3) 

(Ai)eM 

In Section [TJ we start by recording a few simple implications and properties of this definition. 
First of all, we will see that it really is a norm. We make a connection to general norms in vec- 
tor spaces, showing in particular that any norm on trace class operators can be interpreted as a 
norm of the above type. We then turn to a number of particular examples, highlighting especially 
the problem of determining the constants of domination of || • ||m with respect to || • ||i. In Sec- 
tion |2j we investigate the particular case where M consists of only one (necessarily information- 
ally complete) POVM, finding the best constants of domination. These constants are attained for 
the isotropic (unitary invariant) POVM. We also show how to analyse the situation for POVMs 
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originating from 2- and 4-designs. In Section |3j we look at the situation that the system under 
consideration is bi- or multipartite, and that the POVMs are restricted to classes respecting the 
partition: local measurements, with or without classical communication between the parties, and 
extensions of this class. The existence of data hiding |[T0l |T6l |25l states yields bounds on the con- 
stants of domination in one direction. Most notably, we show here that in the bipartite case, these 
bounds are optimal up to a constant factor by analysing the tensor product of two isotropic local 
POVMs: it turns out that the resulting measurement attains almost the same bias. Hence, the 
hiding states of |25] are already (near) optimal in the sense that we cannot hope to construct states 
which are less well distinguishable under LOCC operations. In Section [4} we make a connection 
to Sanchez-Ruiz' "certainty relations" for mutually unbiased bases [231, which we show holds 
more generally for any 2-design POVM, and - even in a stronger form - for 4-designs. We also 
show how our results for bipartite systems imply a universal lower bound on the information 
accessible by LOCC from any pure state ensemble. Several appendices contain the proofs of more 
technical results in the main text. 



1. FIRST OBSERVATIONS ON NORMS AND DUAL NORMS 

Before turning to the essential observations that we will need later on, we first explain some 
basic concepts. At the heart of the Helstrom-Holevo Theorem on optimal state discrimination lies 
the duality between the operator norm || • || and the trace norm || • ||i: For operators a, A on a 
Hilbert space TL, these are dual to each other with 

||a||i = sup |Tr(a^i?)|, 
||-B||<1 

mi| = sup \Tc{ftA)\. 

Il/3||i<l 

In finite dimension, which we shall assume throughout this paper, the suprema are easily seen to 
be maxima. The duality persists when we restrict to Hermitian (self-adjoint) operators a = or, 

A = A*: 

||a|h = max Tr(a-B), 

B=Bt, ||B||<1 

||A|| = max Tr(/3A). 

P=P, \\P\\i<i 

These equations are direct consequences of the singular value decomposition in the general, and 
of the spectral theorem in the Hermitian case. 

The role of the Hilbert-Schmidt inner product, which makes the real vector space of Hermitian 
operators, B sa (H), a Euclidean space, becomes more evident in geometrical language by saying 
that the unit balls 

^i(H-||i) = {a = « t :||a||i<l}, 
B 1 [\\.\\) = {A = A^.\\A\\<1}, 

are polar to each other. To explain this notion, note that the unit ball of any norm N on a finite 
dimensional real vector space, 

K := Bi(N) = {x : N(x) < 1}, 
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is a topologically closed, convex and symmetric set (i.e. K = —K), containing the origin in its 
interior. Any such body K conversely determines a norm 

\\x\\g = inf : t > and te G k| , 

and it is immediately verified that K = B\{\\ ■ \\^) and N = || • ||^. That is, norms and convex 
closed symmetric bodies of full dimension are equivalent descriptions. Now, the polar of K in a 
Euclidean vector space with inner product (•, •) is defined to be 

K := {y : \/x G K (x,y) < 1}. 

It is easy to verify that if K is symmetric, convex and closed, and contains the origin in its interior, 
then K has the same properties, and K = K. 

By the above discussion, K is the unit ball of || • ||#, K is the unit ball of || • \\k and one has the 
important, but elementary, formulas 

\\y\\ K = max(x,y), 
\\x\\ £ = max(x, y). 

y£K 

which are the abstract versions of the equations above. 

We are now ready to make a series of observations. First, we need to show that eq. (|3| really 
does constitute a norm for trace class operators, i.e. for operators with a finite, well-defined, trace. 
We thereby call a set of POVMs M separating, or " informationally complete" if for any nonzero 
operator £ / 0, there exists a POVM (M k ) G M and an index k such that Tr(£M fco ) / 0. 

Lemma 1 Eq. Q above defines a norm on the set of trace class operators if and only if the set of POVMs 
is separating. Furthermore, \\ ■ ||m < || • ||i- 

Proof. An immediate consequence of the fact that || • ||i is a norm, and eq. □ 

We now show that we can restrict ourselves to POVMs with 2 outcomes. Intuitively, since we 
decide between two options (e.g. p and a above), we can group the outcomes of each POVM in 
two. It is then not difficult to verify that 

Lemma 2 For any separating set M of POVMs (M^)^ =1 the set of2-outcome POVMs, 



M 2 := {{M,t - M) : 3(M fc )£ =1 G M, 3/ C [n] M = ^M k }, 

fce/ 



satisfies \\ ■ ||m = 1 1 ■ ||m 2 - Furthermore, the set 



conv {2M - t : (M, t - M) G M 2 } 



is a (closed) symmetric convex body, contained in the operator interval [—t;t] = {X : —t < X < 1} 
and containing ±1, and is of full dimension, such that 

||£|| M = max|Tr(£Af)|=: ||£|| M . 
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Proof . For a given £ = p — a and POVM (Mfc)^ =1 G M, the bias achieved is simply 

££ =1 |Tr(M fc £)|- 

The same bias is achieved by the 2-outcome POVM (M + , M_) G M2, where 

M+ = J] M fe , P = {fc G [n] : Tr(M fc £) > 0}, 

M_ = ^ M fc = 1 - M + ,N = {k£ [n] : Tr(M fc £) < 0} 

fceiv 

and clearly no other grouping of the elements of this POVM can result in a larger bias. 

□ 

Note that M has a non-empty interior (and then contains the origin in its interior) if and only if 
the collection M is informationally complete, which the case if and only if M2 is informationally 
complete. Mathematically the information-completeness is expressed by M, spanning the whole 
operator space. Furthermore, note that from our discussion above we have that 

Remark 3 The symmetric convex body M defines two norms, one on the obseroables and effects, the other 
on the trace class operators, via 

||M||,fc = inf ji : t > OandtM G mJ , (4) 

||£|| M = maxTr(£M). (5) 

MeM 

The first has exactly M as its unit ball, the second has as its unit ball the polar o/M, i.e. 

M = {£ : VM G M Tr(fM) < l}. 
The norm \\ ■ ||m(= II • IIm) is dual to \\ ■ \\^: 

||e|| M = max{Tr(£M) : \\M\\ A < l}, 
||M||m = max{Tr(eM) : ||£|| M < l}. 
Putting everything together, we can now see that 

Theorem 4 The norms \\ ■ ||m associated to sets ofPOVMs are in one-to-one correspondence with full- 
dimensional symmetric closed convex bodies ±t G M C [—!;!]. 

As a consequence, any norm \\\ ■ \\\ < \\ ■ \\ \ can be written as \\\ ■ \\\ = \\ ■ \\mfor some set ofPOVMs. 

Proof. First, starting with a set of POVMs M defining norms || • ||m/ Lemma |2] describes how to 
construct M, such that || • ||m = || • ||m- 

Conversely, starting with a full-dimensional symmetric closed convex body M C [—1; 1], we 
can construct a set of POVMs M = {(M, 1 — M) '.MeM and M > 0} for which || • || M = || • || M . 

□ 

We formalise the connection with the state discrimination problem in the following theorem. 

Theorem 5 Let M be a set of POVMs on a given Hilbert space, and let M2 and M be defined as above. 
For any two states p and a, consider the minimum error probability of discriminating between these 
(a priori equiprobable states). Then, 

P ™ = ^/^ ™ 1-1\M(p-°)m)\ = 1 -- 1 -\\p-*\\m. 

(M,t-M)eM 2 2 2 2 4 

That is, I ||p — ct||m is the bias achievable in discriminating pfrom a when only measurements in M are 
allowed. □ 
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In finite dimension, which is the case we stick to in this paper, the operators also form a finite- 
dimensional space, and all these norms are "equivalent" in the sense that there are A', p! > such 
that 

A'|| • ||i < || • ||m < ■ Hi- (6) 
By using the above correspondences and dualities, we see that this is equivalent to 

A'[-l;l]CMC/[-l;l], (7) 

We will use Ai(M) (^i(M)) to denote the largest A' (smallest p') in these equations. The num- 
bers Ai and pi are called the constants of domination of the norm || • ||m (with respect to || • ||i). In 
the following, our goal is to bound these constants of domination for various interesting classes 
of POVMs. These constants are especially interesting, since we know from Theorem [5] that they 
allow us to bound the bias that we can achieve when trying to distinguish two states p and a with 
a restricted set of measurements. 

Note that /ii(M) is trivially 1 since for p > 0, ||p||m = \\p\\i = Tr(p). Thus, we are motivated to 
restrict to traceless operators in eq. ||6|. This is also the setting for which bounds on the constants 
of domination give us a bound on the bias of distinguishing two a priori equiprobable states p 
and a. Let A(M) and p(M) be the largest and smallest numbers A' and p! , respectively, such that 

V£withTr(£) = A||£||i<||£||m<p||£Hi- (8) 

Equivalently, in the dual picture we have to go to the quotient modulo multiples of the identity, 
Ml: 

A[-l; t]/ m C M/ M C p[-t; t]/ m . (9) 
The following lemma characterizes Ai (pi) and A (p), and their respective relations. 

Lemma 6 For a set M of POVMs with associated convex body M, the constants of domination can be 
expressed as the solutions of the following optimisation problems: 

-A(M)<Ai(M)= inf sup ||-M(£)||i < inf sup ||.M(£)||i = A(M), 
2 IKIIi=i(M fc )eM ^1=1 (M fc )eM 

l=/ii(M)= sup sup ||.M(£)||i> sup sup \\M(0h = K M )- 

ll«l|i=i(A-4)eM Hh=i (M k )eM 

Tr(J)=0 

Here, for the purpose of X and p, £ may be thought of as £ = \(p — a) for orthogonal states p, a. 

Proof. The optimisation problems are an immediate consequence of the definitions, and we al- 
ready argued that ^i(M) = 1. To lower bound Ai(M) we proceed as follows: Given any ^ of trace 
norm 1, we can write it as 

i = (1 - p)p -pa = (1 - p){p - a) + (1 - 2p)a = 2(1 - p)£ + (1 - 2p)a, 

with orthogonal states p and a, and £0 = \{p — c). W.l.o.g. < p < 1/2, otherwise use — £. Now 
let X G M be optimal for £ , i-e. ||^o||m = Tr(^ ^o)/ and test ^ with X = (1 + X )/2 £ M. Note 
X > 0, so 

1 — 2r> 

||e||M = Tr(eX) = (1 - p) Tr(£ X) + — ^ Tr(aX) 

1 — 2d 

= (1 - p) TV(eoXo) + Tr(aX) 
>^Tv^X )= 1 -U \\ M > 1 -\(M), 
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concluding the proof. □ 

What is the relation of the constants of domination for different sets M and M'? Clearly, if 
M C M', then A(M) < A(M') and /i(M) < /x(M'). More interesting relations are obtained by 
using the convex structure. For this purpose we look at convex combinations of POVMs in the 
sense of direct sums as follows. For POVMs (M k ) and (Ng), and a real < p < 1, we denote by 
p{M k ) k © (1 — p)(Ni)£ the POVM consisting of the m + n elements 

pM 1 ,...,pM m ,{l-p)N 1 ,...(l-p)N n . 

If the associated CPTP maps of the two original POVMs are M and M, then the direct sum convex 
combination has associated CPTP map 

m n 

P M®(1- p)M : £ — >Y1 \k)(k\pTi(£M k ) + ^ \m+£)(m+£\(l - p) Tr(£N t ). 

k=l l=\ 

If we have two sets of POVMs, M and N, then their direct sum convex combination is defined 
naturally as 

P M®(l-p)N = {p(M k ) k (B(l-p)(N e ) e :(M k ) e M, (iVg) € N}. 

More generally, we can look at convex combinations of any finite or even countable number 
of POVMs and sets of POVMs. These constructions have a straightforward operational inter- 
pretation: implementing p(M k ) k © (1 - p)(N e )g means tossing a biased coin, with p being the 
probability of heads, then measuring (M k ) if heads showed, and (Ng) for tails. The coin toss is 
part of the measurement result. 

Lemma 7 Let Mj be sets of POVMs andpi > probabilities, and N = 0jPjMj. Denote the correspond- 
ing sets of operators Mj and N. Then, 

i 

and consequently 

A(N) > Pi A(Mi) , /i(N) < ^ PiM(Mi) . 

i i 

Proof. The first relation is by inspection. For the inequalities, note that since we have 

A(Mi)[-l;l]/ R1 C Mi/ R1 C /i(M,)[-a;l]/ K1 , 

we clearly get 

^p i A(M i )[-l;l]/ M1 C Y,Pi M i/^t C ^PiMM^hiaj/M. 

i i i 

□ 

In particular, since [—1; 1] is invariant under unitary conjugation, i.e. U[— 1; t\U^ = [—1; 1], 
the constants of domination also have this invariance and so we obtain immediately 
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Proposition 8 For a probability measure dp{U) on the unitary group on H, and any symmetric, full 
dimensional convex body ±22 E M C [— 1; 1], 



A I J dp(U)UMUn > A(M), 

fj, (^j dp{U)UMU ] ^j < n(M). 
In other words: symmetrisation makes M "look more like [—1 ; 1} ". □ 

2. SINGLE POVMS 

Let us look now at the constants of domination A and p. in the case that M consists of a sin- 
gle, informationally-complete, POVM. Let M be the CPTP map associated with the POVM. With 
slight abuse of notation we denote the constants of domination X(M) and p(M), and the associ- 
ated norm || • ||^t. 

A. Uniform POVM 

As a consequence of Proposition |HJ we arrive at the following theorem. 

Theorem 9 The supremum of\{M), as well as the infimum of p(M), over all POVMs in dimension d is 
attained by the uniform (unitary invariant POVM), 

(d|V')(V'|dV') j with the normalised uniform distribution dip on unit vectors. 

Furthermore, denoting the CPTP map associated with it by U, 

£ ©wo-^WM <io) 

b=d-a fc=0,...a-l \ ' \ / 

1=0, ...b-1 

m = \. (ii) 



Proof. We have already argued the supremum and infimum, so we are left to prove eqs. < |lQp and 
( pTT) >. Note that for any operator £, 

\\U(0\\i = d[ d^|Tr(^)l- (12) 

Note that since £ is Hermitian, we may again take £ = (1 — p)p — pa for orthogonal operators p 
and a. For eq. ( |To] |, we then have by the unitary invariance of the uniform POVM and the triangle 
inequality, \(U) is attained as ||i for an operator of the form 

£ = —P — with a projector P of rank a, and Q = t — P, b = d — a, 

where we may even take P to be the projector onto the subspace spanned by the first a computa- 
tional basis vectors (again invoking unitary invariance). For this choice of operator, according to 



eq. and letting p := a/d, 

\\U(0\\i = d I dV ' ~ 



j=l j=a+l 



fc=0,...a-l v ' 

e=o,...b-i 
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by Lemma 23 in Appendix [Bj It is quite natural to conjecture that the minimal choice of ranks is 
a = [d/2\ and 6 = \d/2~\ . In this case we have 



»w(0lh 



e mm 

fc=0,...|d/2J-l v y v 7 



k + 
k 




±o 



(13) 



fco,...rd/2]-i 



for large d. The analysis of the asymptotics is elementary but lengthy, and is here restricted to 
a few hints: We lose only terms of order 0(1 /d) by focusing on even d, for which the formula 
evaluates to 



\{U) = 1 



d/2-1 



kl=0 



k 



d/2-l 



2A- 



r/ 



fc=0 



2/t 
k 



where we have used the following identity from Lemma 24 proved by induction on k: 

k 



£=0 



-k-i 



k + 



1. 



(14) 



Then a simple application of Stirling's formula (with explicit error bounds) yields eq. ( |13) . 

However, we have not been able to prove that this is indeed the minimum. Instead, we follow 
a different route: From the proof of Lemma 23 in Appendix [Bj we observe that for general a and 

b, 



l|W(£)lli = E 



1 a. 1 d 

2a ^ 3 2b ^ 3 

j=a+l 



with independent Xj > 0, each distributed according to a rescaled x! ^ aw - By definition, their 
expectation and variance are EX,- = 1 and Var Xj = 1, respectively (also, all higher moments are 
finite). Thus, by the central limit theorem 



a 

2a ^ 3 



Y ~N 1, 



4a 



d 

2b ^ 3 

j=a+l 



Fi ~ M 1 



46 



where Yq an d ii are normal distributed with means /i and variance v as indicated by AA(u, z/), 
and the approximation signs indicate convergence in probability as a, b — > oo. (Note that since the 
third moment of the Xj is finite, this convergence is uniform in a and 6, thanks to the Berry-Esseen 
theorem which bounds the rate of convergence in the central limit theorem - see e.g. 0.) 
Since Yq — Y\ =: Z ^ N {ft, ^ + ^) , we obtain asymptotically 



ll«(0lh 



mz\ 



i i i 

4a 46^2^ 



dx|x|e" 



-x 2 /2 



1 1 

7r V 4a 46' 



2 , as advertised. 



which is minimized for a = 6 = d/2, yielding XiU) ~ y —->, 

For eq. ( |TTj |, note that by the triangle inequality, /x(-M) of any POVM M. is attained as 
||A4(£)||i for an extremal traceless £ such that ||£||i = 1. These are easily seen to be of the form 
£ = ||(/>i)(0i| — ||02)(02| f° r orthogonal pure state vectors |</>i), By unitary invariance of the 
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uniform POVM, any such £ will in fact yield the same value, so we may take £ = — ^|2)(2|, 

so that by eq. (12) , 

M (w) = = I d^llVil 2 -!^! 21 1 



2 / nz| 1 2' 



once more by Lemma 23 in Appendix pi applied with a = b = 1. □ 



Note that in terms of the bias the above translates to 




B. Almost optimal performance of 4-designs 

The results of the previous section provide the motivation to look at POVMs made from t- 
designs, as these are structures approximating the full random POVM better and better as t — > oo. 
We thus intuitively expect to obtain a similar value for A as we obtained for the random POVM 
for larger t. Recall the following 

Definition 10 A (weighted) spherical t-design is an ensemble {pk,Pk)k=i °f ^-dimensional projectors Pk 
and probabilities p k such that 

V P ®t 1 p{t) 1 v U 

k \ t ) K ' ; nest 

with the projector P S ym onto the completely symmetric subspace of (C d )® 1 , which has dimension (^l 1 )- 
It can be expressed, by Schur duality, via the representation of the symmetric group (as this subspace is an 
irrep of multiplicity 1), as the sum of the permutation representations U n , which is the permutation of the 
t tensor factors by the permutation tt G Sp Since Tr(U n ) = d c ^ with the number c(ir) of cycles of the 
permutation tt, we get the normalisation factor N(d, t) = X^eSt = (d + t — 1) • • • (d + l)d. 

Note that the random POVM [d\ip)(ip\dtp) is an oo-design. We call a t-design proper if all the 
probabilities are equal, pk = 1/n. Note that any t-design is automatically also a t'-design for all 
t' < t. In particular, YlkPkPk = gl/ so it makes sense to associate a POVM with every t-design of 
the form 

{M k ) n k=1 , with M fc = dp k P k , 

which, as before, we also call a (weighted or proper) t-design. We shall consider the CPTP map 
M associated with such a t-design POVM. 

It turns out that 4-designs already achieve essentially the same bias as the isotropic POVM. 
This was discovered by Ambainis and Emerson [1], who showed, invoking a beautiful moment 
inequality by Berger, that 

||p-<t||a< > ~||p-<7||2 > ^=||p -a||i. (15) 



We briefly review their argument, including the Berger inequality, as we need to return to this 
later on in Section [3] 
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Lemma 11 (Berger |8|) For a real random variable S, 

(ES 2 ) 3 / 2 



E|5| > 



(ES" 4 ) 1 / 2 ' 



Proof. That is just Holder's inequality, which states that for real random variables / and g, and 

i + ± = l 

E(fg)<(E\fn 1/p (ng\ q ) 1/q . 

Here it is applied with / = \S\ 2 / 3 , g = |5| 4 / 3 and p = 3/2, q = 3. □ 

Proof of eq. ( (15) - see |1|. For traceless £, consider the random variable S which takes value 
tiTr(^Pfc) with probability p k . Then clearly E|5| = ||-M(£)||i, and Berger's inequality can be used. 
The moments are easy calculations, using the fact that the POVM is a 4-design. First, the second 
moment, 

ES 2 = Y J Pkd 2 {Ti{iP k )) 2 

k 

k 

= d2TV (« «5(5TT)^) 

where F is the swap operator, corresponding to the transposition (12), and we have made use of 
Tr(f ) = 0. Similarly, 

ES 4 = J2Pkd 4 {Tr^P k )) 4 

k 

= ^p fc d 4 Tr((e ® £ ® £ ® 0(Pk ® Pfc ® ^fc ® AO) 



24 

d(d+l)(d + 2)(d + 3) 
d 4 



d(d + l)(d + 2)(d + 3) 



^ (3(Tr(e 2 )) 2 + 6TV(e 4 )) < (-^ 9(Tr(^ 2 )) 2 



(d+l)(d+2)(d + 3) 



where in the last line we have made use of Tr(£) = to take care of all permutations with a fixed 
point. Thus, 

In other words: X(M) > l/(3\/d). □ 

It is not known how to construct spherical 4-designs efficiently in general though 
Caratheodory's Theorem tells us that there must exist a weighted 4-design of cardinality at most 

1 + ( d ^ 3 ) 2 - Constructions are known for a real vector space of small dimensions Ifl5| . Ambainis 
and Emerson [1] construct approximate 4-designs which perform almost as good as eq. |15). 
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C. Performance of 2-designs 

Unfortunately, we cannot give any bounds for the bias for 3-design POVMs, but here we show 
how to bound it for 2-designs. Consider first a proper 2-design with associated POVM (M k = 

I E ft ° ft = jjjsVi) (1 + F) = mrf®- 

with the projector Pg'ym onto the symmetric subspace of C d (g> C d and the swap operator F. Such 
POVMs are always tomographically complete - this will also follow from the theorem below. 

An example of a 2-design is a complete set of d + 1 mutually unbiased bases, which are known 
to exist if the dimension d is a prime power (6H26J). Let 

{(\i> b s )) s =i...d-b = 0,...,d}, 

be the basis vectors of the d+1 mutually unbiased bases, where \iftg) is the s-th basis vector of the b- 
th basis. Then the set of basis state projectors P s 6 = (V'sXV'sl forms a proper spherical 2-design [19|. 
It is conjectured that in all dimensions there exist spherical 2-designs with the minimum number 
n = d? of elements [22], giving rise to so-called symmetric informationally complete (SIC) POVMs. 
These are only known to exist up to dimension d = 45 [22 j by numerical results, and for even 
fewer dimensions up to d = 19 by mathematical construction. Zauner's conjecture states that in 
every dimension there exists a SIC-POVM of a particularly beautiful group symmetric form [27J. 
We refer to PUTT] for more information. 

As before, we look at the associated CPTP map, 

fe=l fe 
Our objective is to prove the relation. 

Theorem 12 For any traceless Hermitian operator £, 

IIMOIIi^^ylklli- (16) 
In other words, for any proper 2-design POVM as above, X(M) > \ g^j. 

Proof. Since this is a homogeneous relation, we may w.l.o.g. assume that ||£||i = 2, meaning that 
we can write £ = p — a with two orthogonal density operators p and a. Thus, what we need to 

showis||.M(p)-.M(^)lli>5ir 

For this, we use Proposition 20 in Appendix A, ineq. ( |A1| , for the vectors p and q defined as 



Pk = Tr(pM k ) = - Tv(pP k ), q k = Tv(aM k ) = - Tr(aP k ). 

n n 



Namely, 

\\M(p)-M(a)\\ 1 = \\p-q\\i 



>l-n^^(^(pPk))(M^Pk)) 

k 

= 1 - d 2 - ^Tr((p a)(P k P k )). 
n k 
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Now, the last sum can be evaluated as follows, using the property of spherical 2-design: 

- V Tr{pP k aP k ) = - V Tr ((P k ® P k )(p ® a)) 

k 

' Tt{{t + F){ P ®a)) 



n 1 — ' n 

k k 



d(d+l) 

' -(Tv(p)Tr(a) + Tr(pa)) 



d(d+l) y yr ' y ' u " d{d+iy 
Inserting this above, we conclude 

H* w _ M „ )|l21 _ (P _L___l_, 

as advertised. □ 

Corollary 13 For a POVM which is a weighted 2-design, and associated map M., the conclusion ofTheo- 
still holds: \{M)>\^- V 



rem 
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Proo£ The idea is to break down the probabilities p k into smaller but approximately equal values. 
This increases the number of outcomes of the POVM, but makes it be approximated better and 



better by a proper 2-design, to which we can apply Theorem 12 



In detail, assume that our weighted 2-design is discrete, with n elements; choose an integer 
N ^> 1, and for each k let N k = \_Np^\ and = Np^ — N k . Define a new weighted 2-design with 
the same projectors P k g = Pk and "uniformised" weights 



Pke 



e k /N for^ = 0, 

l/N for 1 = 1,..., N k . 



Then, applying the same proof as in Theorem 12 to this refined 2-design (which has N + n 
outcomes), we get 

\\M(p)-M(a)\\ 1 = \\p-q\\ 1 

>l-(N + n)J2Pked 2 (Tr(pP k ))(Tr(aP k )) 
u 

>l-d 2 ^^Y,( 3 ^{{p®^){ p k®Pk)) 

ke 



d 2 N + n _ r/^ ^. . .-, 

■Tr[(l + F)(j>®a)] 



d(d+l) N 
d , n 



d + l V NJ d + l' 

where we have used (3 k e < l/N in the third line. □ 



Note that the factor of l/(d + 1) in the bound ( |T6| is essentially best possible (up to a constant 
independent of d), as the example of d + 1 mutually unbiased bases shows. Indeed, if the two 
states p and a are distinct elements of one of the bases, then the measured output distributions for 
all the d other bases are the same, namely uniform, while in their proper basis the trace distance 
remains 2, so \\M(p) - M(a)\\i = jrj, and hence X(M) < j^j. 

Similarly, for a SIC-POVM with d 2 operators Q-Pfc) it is easily verified that two states from the 
POVM, i.e. for instance p = P\ and a = P<i, have trace norm difference \p — a\\ = J^-, while 
\\M{p)-M{a)\\ x = ^,so\{M)<\. 
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3. LOCAL POVMS 



Consider now a multipartite system H = Hi <8> H2 ® • • • ® H n/ of local Hilbert spaces 
of dimension d,. (The total space's dimension is denoted D = did? • • ■ d n in this section.) This 
partition suggests various classes of POVMs due to restrictions of locality. For instance, let LO be 
the class of all local operations, i.e. tensor product measurements: 



LO 



{ (M^ <g> • • • <g> M$) : (M^) POVM on H 3 \ . 



More generally LOCC is the class of measurements that can be implemented by local operations 
and classical communication between the parties. SEP are the separable POVMs, i.e. 



SEP = <j (Mfp (8) • • ■ (8) Ml n) ) : M { k j) > 0, ^ M ( k l) ® • • • ® ) 



Finally, there is the class of all measurements positive partial transpose (PPT) operators: denoting 
the transpose operation (with respect to any basis) by T, it is 



PPT 



(M fc ) POVM : VfcV/ C [n] [ (g) T (g) id | M fc > 

i0/ 




i.e. all POVM elements have to be PPT with respect to every bipartition of the n-party system. 
Quite evidently, 

LO C LOCC C SEP c PPT, 

and all inclusions are well-known to be strict, at least if the dimension is large enough. The 
corresponding symmetric convex bodies of operators are denoted 

LO C LOCC C SEP c PPT. 

These are interesting examples of POVM classes since we know due to so-called quantum data 
hiding ||T0ll20l |25H that ||£||m f° r them can be much smaller than || • ||i. Indeed, it was shown in 
these references that in a bipartite system C d (g> C d , the states a = ^(d+i) anc ^ Q = d(d-x) ' * ,e- * ne 
(normalised) projectors onto the symmetric and antisymmetric subspace, respectively, obey 



1 


1 




2 P ~ 






2 


PPT 



d+ 1 



(In |fi~0l| more general statements of this type for n-partite systems can be found.) Consequently, 
^T) < The next result shows that this bound is not very far from the truth: 



Lemma 14 For any operator £ on an n-partite system, 



iieiisEP>^iieii 2 >^-^nai. 



In particular, A(SEP) > ^/2^:for a bipartite system, we find A(SEP) > A=. 
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Proof Gurvits and Barnum fl4| have shown that for a bipartite system, within the set of Hermitian 
operators, the unit ball of the Hilbert-Schmidt norm centred on the identity operator contains only 
separable operators. More generally they proved in an n-partite system, that the ball of radius 
2 1 ~ n / 2 around the identity is fully separable tl4| . 

It follows immediately that all the POVMs in the set {{M,l — M) : \\2M - 1\\ 2 < 2 1 "™/ 2 } are 
separable. It is easy to see that the corresponding symmetric convex body (see Lemma |2]| is the 
ball of radius in the Hilbert-Schmidt norm around the origin and so this is a subset of SEP. 

From this inclusion, and the fact that the Hilbert-Schmidt norm is self-dual, 

HdsEP = max Tr(M£) > max Tr (Mf) = -^Uh, 



concluding the proof, if we recall ||£||i<V-D||£||2- □ 

We now come to the main technical result of the present section, showing that this order of 
magnitude goes through all the way to LO, indeed, a particular tensor product POVM on a bipar- 
tite system is already almost as good as the class of all separable POVMs, in terms of the constant 
of domination. Note that Proposition [H] gives us the local POVM with the largest A: namely, by 
symmetrising over all unitaries U = Ua ®Ub, drawn from the product of the local Haar measures, 
we find that for any tensor product POVM Ma ® Mb, we have \{Ua <S> Ub) > ^{Ma <S> Mb) ■ 

Theorem 15 For any two states p and a on a bipartite Hilbert space Ha ®Hs,lst £ = p — a. Then, 

where D = dAds is the Hilbert space dimension, and Ua and Ub are the CPTP maps of the isotropic 
POVMs on Ha and Hb, respectively. Consequently, \(Ua ® Ub) > 1/V153D. 



Proof. We do exactly the same as in Subsection 2 B only that we have now a POVM on Ha ®Hb 
of the form 

so S is the variable 

s = dt±{{\<pM®WM\)& 



and the bias of the estimation based on the outcome is E| 5|, as before in Subsection 2 B 

We use Berger's inequality, Lemma [TT] again, for which we need the second and fourth mo- 
ment. Because now we randomise independently over Ha arid Hb, we get 

9 2 j2 j2 

■^S 2 — a A a B rj^t {-nAA ^tjBBmcAB ^ d AB 



ES 4 



24 2 44 



d A {d A + l){d A + 2){d A + 3)d B {d B + l)(d B + 2){d B + 3) 

x Tr ((n^ ® u BB m BB )(^ B t AB ® t AB a t AB )) , 



where the superscripts remind of the systems these operators act on. 

Expanding the projectors into the permutations of two, respectively four, elements, we get 

ES2 =(5^Wi) (Ti(d) + Ti « l) + Ti « 2)) ' (17) 
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where U = Tr B (£) and£ B = Tr A (£), because we get terms with t AA ®l BB , t AA ®F BB , F AA ®t BB 
and F AA ® F BB . 

The fourth moment is considerably more complex: looking at 



ES 4 



44 



(d A + l){d A + 2){d A + 3)(d B + + 2){d B + 3) 



^ Tr((U AAAA ®U BBBB )£ rM ), (18) 



we see that we need to calculate - or at least reasonably upper bound - the trace terms 
Tr {{U AAAA (8) jj BBBB )t m ) . In Appendix^ Lemma 



25 



we show that 

.1 u.t o [jBBBB^mj < i53( T r(^ 2 )) 2 + 126(Tr(C 2 ))(Tr(^)) + 126(Tr(£ 2 ))(Tr(£|)) 

+ 9(Tr(ei)) 2 + 9(Tr(£D) 2 + 30(Tr(^))(Tr(^ 2 )) 



<153(Tr(e 2 )+Tr(^)+Tr(^)) 2 . 



Plugging this into eq. ( [T8| / we find 

d A d B 



ES 4 < 



(d A + l){d B + l) 



153(TY(a + TV(£i) + TV(£i)) 2 



(19) 



Now we conclude as in the single-system case: by virtue of eqs. ( |T7| | and ( 19 1, 

> 



(ES 2 Y 



ES* 



> 



> 



1 



153 
1 

153 



1 



llei|2> 



V153D 



11(11 



1; 



and we are done. 



□ 



Remark 16 From £/ie proof we see that, just as in the single-system case of Subsection 2 B it is enough for 
the local measurements to be A-designs. 

Corollary 17 The constants of domination, for locality-restricted measurements on a d x d-system, are in 
the following relations: 



=- < \{U®U) < A(LO) < A(LOCC) < A(SEP) < A(PPT) < 



Vl53d 

Tor separable measurements we have the even tighter bounds, 

- < A(SEP) < A(PPT) < . 
d d + 1 



d + 1 



(20) 



(21) 



Proo£ The first inequality in ( [20) 1 is just Theorem 15 the chain is by inclusion of the sets of POVMs, 
with the last bound following from the data hiding states and aa, the (appropriately nor- 
malised) projections onto the (anti-)symmetric subspace of C d (g> C d - see lHUl 1231 and [20|. By 



Lemma 
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finally A (SEP) > 4 



D 



a 
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Remark 18 The first inequality ( |20] > in Corollary^TT^proves a conjecture about the optimal bias achievable 
with LOCC measurements ( j|20l Conjecture 7]. Compare also with j[25l/ , where a bias of order 1/d 2 was 
proven using a particular tomographically complete measurement, and it was suggested there that better 
POVMs might exist. 

This result shows that in a very strong sense the original data hiding states, the symmetric and anti- 
symmetric subspace projections, are essentially optimal: up to a constant factor they achieve the best avail- 
able bias, which is Q(l/d). 



Remark 19 The £ 2 -bound in Theorem 15 has another notable consequence for data hiding: observing that 
for orthogonal states p and a, 

\\p-a\\ 2 = VTr(p 2 ) + Tr(a 2 ) > max{||p|| 2 , ||<t|| 2 } , 
we conclude that data hiding states have to be highly mixed. If one of them has rank bounded by r, say, 



Theorem 15 places a lower bound o/l/13r on the bias achievable by LOCC measurements. 

Indeed, all known constructions of data hiding states endow them with considerable entropy (comparable 
to or larger than the size of the "shares"), see /llOl U6l \25j . Our bound tells us that this has to be so to 
guarantee security of the scheme. We intend to return to this issue on a separate occasion. 



4. CERTAINTY RELATIONS 

The results on X(M) for the isotropic POVM, tensor products of isotropic POVMs, and 2- 
designs have nice interpretations as "certainty relations" in the sense of Sanchez-Ruiz [23 1. 
Namely, for a complete set of d + 1 mutually unbiased bases in C d with associated basis mea- 
surements Bk, he shows that for any pure state cp = \ip)(ip\, 

(d+l)log^±± <Y,S 2 {B k ( V )) <(d+l)logd-log(d-l), (22) 

k=0 

where 82(B) = — log^a K^lv 9 )! 4 i s the Renyi entropy of order 2 for the orthonormal basis B = 
{|1), . . . \d)}. The right hand side of eq. ( p2) is referred to as a certainty relation, and intuitively 
states that for the chosen measurements there exists no pure state that will lead to maximum 
entropy for all measurements simultaneously. It quantifies the fact (quite natural, after a moment 
of thought) that not all the tomographic data from measuring those bases is equally informative 
in the sense of Shannon. The certainty relation of [23[ also holds for the Shannon entropy. Let 
M. be the measurement formed by measuring in one of the d + 1 bases at random. Using the 
concavity of the log, the certainty relation can then be rewritten as 

log(d(d + 1)) - S 2 (M(ip)) > J-^-logCd- 1). 
From our results in the previous section, we can infer similar certainty relations. First of all, 



from Theorem 12 we get the following more general but weaker bound for any proper 2-design 
POVM with n outcomes: 

logn- S 2 (M(<p)) >logn- S(M(<p)) 

= D(M(p)\\M(l/d)) 

>^\\M^-l/d)\\l 

1 d-1 1 1 

> ; rrr > 



41n2d(d + l) 2 ~ 61n2(d + l) 
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where the second inequality follows from the Pinsker inequality D(p\\a) > Q/t^WP ~ a \\i- 

For uni- and bipartite 4-designs, in particular the isotropic POVMs, we get considerably better 
bounds, due to the appearance of the Hilbert-Schmidt norm. Consider any ensemble of quantum 
states, p = YlxPxPx- F° r tne Shannon mutual information between the preparation variable X 
(distributed according to p x ) and the measurement outcome given by U, 

I{X:U) = Y J P*D{U{px)\\U{p)) 

X 

A 1 , ,,2 ( 23 ) 

X 

= mr 2 (l>^) -^>) - (aw - X>am) . 

In other words, we get a lower bound on the accessible information of the ensemble in terms of so- 
called "linear entropies" Sl{p) = 1— Tr(p 2 ). In the above derivation we have used the well-known 
relation between mutual information and relative entropy, the Pinsker inequality and eq. ( [T5| . 

A particularly interesting case is that of a pure state ensemble p x = \ip x )((p x \: all the Sl(Px) are 
zero, so we get a positive lower bound for the accessible information 

hcc{{Px, tp x }) > I(X : U) > ^^(1 - Tr(p 2 )), 

which is a small but positive constant, depending only on p. It turns out that the best possible 
lower bound on the accessible information in terms solely of p is known: it is the so-called suben- 
tropy Q{p) of Jozsa, Robb and Wootters [18 j, attained on a particular ensemble decomposition of 
p, named after Ebenezer Scrooge. Incidentally, for this ensemble all complete (i.e., rank-1) POVMs 
have the same information gain. It is largest on the maximally mixed state, and bounded by 
w .6099, where 7 is Euler's constant lTl8ll . 
For bipartite systems we furthermore obtain a lower bound for l)^ CC (-), that is the accessible 
information when we are restricted to performing LOCC measurements. This bound is obtained 



by using Theorem 15 to lower bound I(X : Ua <8> Ub) ~ the mutual information when the locally 
unitarily invariant continuous POVM is used. This quantity is studied as a lower bound on the 
locally accessible information in [24j (where it is denoted ({p x , fx}))- Unlike the subentropy 
this quantity depends on the ensemble (rather than the ensemble average alone) even when it is 
a pure state ensemble. However, in [24J it is interpreted differently as the average of the mutual 
information over all complete product basis measurements. Since some measurements of this 
form cannot be performed by LOCC, the authors (unnecessarily) restrict their claim that it is a 
lower bound on the locally accessible information to bipartite systems of 2 x n dimensions (where 
it is known that any complete product basis measurement can be performed by LOCC). This is 
unnecessary because, as described in Section [3j I(X : Ua ® Ub) is also the mutual information 
yielded by the protocol where Alice and Bob independently measure according to the unitarily 
invariant continuous POVM and share their results (which is clearly accomplished by LOCC). As 
noted in [24], this bound is saturated by Scrooge ensembles. 

No general closed form is known for I(X : Ua (£> Ub) (although some special cases are derived 



in |24|) so it is useful to note that by using the same derivation as in ( 23 1, but invoking Theorem 15 
we get that for an arbitrary ensemble on a bipartite system, 



4 L ° CC ( WJ) > I(X ■ U A ®U B ) > ( S L (p) - ^2pxSl( Px ) ) . (24) 
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It is worth noting that in the case of an ensemble of pure states this lower bound, unlike I(X : 
Ua <8> Ub), depends only on the ensemble average. Hence we get a lower bound of 

on the LOCC-subentropy of p. 

5. CONCLUSION 

We have introduced a formalism of norms on states/ density operators linked to their (pair- 
wise) distinguishability by a given, restricted, class of measurements. This allows us to study the 
relation between these norms in convex geometric terms. We went on to investigate the constants 
of domination for the resulting norms with respect to the well-known trace norm: for a single 
measurement we looked at the isotropic POVM, 4- and 2-designs. Furthermore, we considered 
several classes of locally restricted measurements, such as LOCC or PPT POVMs. The results here 
have strong connection to data hiding: indeed, we proved that up to a constant factor the hiding 
states of [25 1 achieve already the best possible bias. We leave many questions open, such as the 
eventual determination of the locally accessible information and better bounds on the constants 
of domination. More importantly, one ought to be able to obtain more information on the geom- 
etry of the convex bodies M and the unit balls of || • ||m _ here we only compared them with the 
trace and the Hilbert-Schmidt norms, but it would be interesting to get more insight into their 
geometric shape. It is an intriguing open question regarding single measurements where to place 
3-design POVMs relative to 2- and 4-designs. 

Acknowledgments 

AW thanks the members of the Pavia Quantum Information group for an enjoyable afternoon 
in October 2007, where he had occasion to discuss some of the questions of the present paper, 
when they were still in a nascent state. In particular the feedback of G. M. D'Ariano, G. Chiribella 
and M. F. Sacchi, and their suggestions regarding the use of symmetry, are gratefully acknowl- 
edged. Ashley Montanaro provided the pointer to the paper by Ambainis and Emerson, and 
provided the example mentioned in appendix [A] WM would like to thank Dan Shepherd for a 
useful discussion about groups and diagrams. 

WM was supported by the U.K. EPSRC. SW was supported by NSF grant number PHY- 
04056720. AW was supported by the U.K. EPSRC through the "QIP IRC" and an Advanced Fel- 
lowship, by a Royal Society Wolfson Merit Award and by the European Commission through IP 
"QAP". The Centre for Quantum Technologies is funded by the Singapore Ministry of Education 
and the National Research Foundation as part of the Research Centres of Excellence programme. 



[1] A. Ambainis, J. Emerson, "Quantum t-designs: t-wise independence in the quantum world", in 
Proc. 22nd Annual IEEE Conference on Computational Complexity (CCC'07), 129-140. arXiv[quant- 
ph]:0701126. 

[2] D. M. Appleby, H. B. Dang, C. A. Fuchs, "Physical Significance of Symmetric Informationally- 

Complete Sets of Quantum States", arXiv[quant-ph]:0707.2071 (2007). 
[3] D. M. Appleby, "SIC-POVMs and the Extended Clifford Group", in J. Math. Phys. 46, 052107 (2005). 



20 



[4] K. M. R. Audenaert, J. Calsamiglia, R. Munoz-Tapia, E. Bagan, LI. Masanes, A. Arin and F. Ver- 
straete, "Discriminating States: The Quantum Chernoff Bound", Phys. Rev. Lett. 98:160501 (2007); 
arXiv[quant-ph]:0610027. M. Nussbaum and A. Szkola, "A lower bound of Chernoff type for sym- 
metric quantum hypothesis testing", arXiv[quant-ph]:0607216 (2006). 

[5] M. A. Ballester, S. Wehner, A. Winter, "State Discrimination with Post-Measurement Information", to 
appear in IEEE Trans. Inf. Theory. arXiv[quant-ph]:0608014 (2006). 

[6] S. Bandyopadhyay P. O. Boykin, V. Roychowdhuri, F. Vatan, "A New Proof for the Existence of Mu- 
tually Unbiased Bases", Algorithmica 34:512-528 (2002). 

[7] C. H. Bennett, P. Hayden, D. Leung, P. W. Shor, A. Winter, "Remote preparation of quantum states", 
IEEE Trans. Inf. Theory 51(l):56-74 (2005). 

[8] B. Berger, "The Fourth Moment Method", SIAM J. Comput. 24(6):1188-1207 (1997). 

[9] E. Boltausen, "An Estimate of the Remainder in a Combinatorial Central Limit Theorem", Zeitschrift 
fur Wahrsch. und Verw. Geb. 66:387405 (1984). 
[10] T. Eggeling, R. F. Werner, "Hiding Classical Data in Multipartite Quantum States", Phys. Rev. Lett. 
89(9):097905 (2002). 

[11] S. Flammia, "On SIC-POVMs in Prime Dimensions", |arXiv:quant-ph/ 0605050 (2006). 

[12] C. A. Fuchs, J. van de Graaf, "Cryptographic distinguishability measures for quantum-mechanical 
states", IEEE Trans. Inf. Theory 45(4):1216-1227 (1999). 

[13] M. Grassl, "On SIC-POVMs and MUBs in Dimension 6", J. Phys. A: Math. Gen. 39:13483-13493 (2006). 

[14] L. Gurvits, H. Barnum, "Largest separable balls around the maximally mixed bipartite quantum 
state", Phys. Rev. A 66:062311 (2002); L. Gurvits, H. Barnum, "Separable balls around the maximally 
mixed multipartite quantum states", Phys. Rev. A 68:042312 (2003). 

[15] R. H. Hardin and N. J. A. Sloane, "McLaren's Improved Snub Cube and Other New Spherical Designs 
in Three Dimensions", Discrete and Computational Geometry 15:429-441 (1996). 

[16] P. Hayden, D. Leung, P. W. Shor, A. Winter, "Randomizing Quantum States: Constructions and Ap- 
plications", Comm. Math. Phys. 250(2):371-391 (2004). 

[17] C. W. Helstrom, Quantum Detection and Estimation Theory, Academic Press, New York, (1976). 

[18] R. Jozsa, D. Robb, W. K. Wootters, "Lower bound for accessible information in quantum mechanics", 
Phys. Rev. A 49(2):668-677 (1994). 

[19] A. Klappenecker and M. Roetteler, "Mutually Unbiased Bases are complex spherical 2-designs", in 
Proc. ISIT 2005, 1740-1744 (2005). 

[20] W. Matthews, A. Winter, "On the Chernoff distance for asymptotic LOCC discrimination of bipartite 
quantum states", Comm. Math. Phys. xxx(y):zzz-zzz (2008); arXiv[quant-ph]:0710.4113. 

[21] R. Penrose, W. Rindler, Spinors and Space-Time, Vol. 1: Two-spinor calculus and relativistic fields, Cam- 
bridge University Press, 1986. 

[22] J. M. Renes, R. Blume-Kohout, A. J. Scott, C. M. Caves, "Symmetric Informationally Complete Quan- 
tum Measurements", arXiv[quant-ph]:0310075 (2003). 

[23] J. Sanchez-Ruiz, "Entropic uncertainty and certainty relations for complementary observables", Phys. 
Lett. A 173(3):233-239 (1993); "Improved bounds in the entropic uncertainty and certainty relations 
for complementary observables", Phys. Lett. A 201(2-3):125-131 (1995). 

[24] A. Sen De, U. Sen, M. Lewenstein, "Distillation protocols that involve local distinguishing: Compos- 
ing upper and lower bounds on locally accessible information", Phys. Rev. A 74:052332 (2006). 

[25] B. M. Terhal, D. P. DiVincenzo, D. Leung, "Hiding Bits in Bell States", Phys. Rev. Lett. 86(25):5807-5810 
(2001). D. P. DiVincenzo, D. Leung, B. M. Terhal, "Quantum data hiding", IEEE Trans. Inf. Theory 
48(3):580-599 (2002). 

[26] W. K. Wootters, B. D. Fields, "Optimal state-determination by mutually unbiased measurements", 

Ann. Phys. 191:363-381 (1989). 
[27] G. Zauner, Quantum Designs - Foundations of a Non-Commutative Theory of Designs (in German), Ph.D. 

thesis, Universitat Wien (1999). 



21 



APPENDIX A: AN ^-INEQUALITY FOR PROBABILITY VECTORS AND DENSITY OPERATORS 

Proposition 20 For probability vectors p, q in M. n (i.e. pi > and Ya=i Pi = 1/ an ^ likewise for qi), 

\\p - q\\i > 1 - np ■ q, (Al) 

where on the left is the statistical distance between the distributions, namely the i\-norm of their difference, 
and on the right we have the usual Euclidean inner product of vectors. 



Corollary 21 (Quantum case) Ineq. \A1\ has a straightforward quantum generalisation: for any two 
density operators p and a on an n-dimensional Hilbert space, 

||p-ff||i > l-nTr(po-), (A2) 

where now on the left is the trace norm, and on the right is the Hilbert-Schmidt inner product on operator 
space. 

This actually follows from the classical case, as follows: p is diagonalised in some basis, with a 
probability vector p along the diagonal. Denote the dephasing operation in this basis by £ - it is a 
CPTP map with £(p) = p. Denoting a' = £(a), which is now diagonalised in the same basis, with 
a probability vector q along the diagonal, we now have 

■k\\p ~ >^\\p~ </||i and Ti(pa) = Tr(pa'), 



so all we need to prove is 

1 



But because of 



n P - o-'Hi > 1 - n Tr (pa'). 



1 i 

2 \\p- a 111 = 2 IIP - <?1Ii an d Tr(per ) =p-q 



this is precisely ( |A1| . □ 
Proof of Proposition|20j We use the well-known relation between trace distance and fidelity Ifl2| : 



hence we are done once we show 



2 (^-J2^p^j > 1 ~ n ^ 



which - introducing the shorthand U = ^/ptql - is equivalent to 

i % 

Now, for fixed s = J2i < 1/ the right hand side here is minimal for t\ = . . . = t n = ~, in which 
case it reduces to \ + \s 2 , which is indeed always > s. □ 



Remark 22 Ineq. \AI\ becomes false when introducing a factor c < 1 on the left hand side, for sufficiently 
large n. Ashley Montanaro [personal communication] pointed out to us the following class of examples: 

Consider p = [x,0, ;F§, . . . , ) and q = [0,x, ^=%, . . . , ), which have c\\p — q\\i = lex, 



' n-2 ' - • • ' n-2 j 1 y"> n-2 ' - " ' ' n-2 

whereas 1 — np - q = 1 — -30(1 — x) 2 ~ 2x + x 2 for large n. 
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APPENDIX B: AN INTEGRAL OVER THE UNIT SPHERE 

Lemma 23 Let P and Q be mutually orthogonal projectors of rank a and b, respectively, in C d . Then, ft 
the uniform distribution on the unit vectors \ip) = Y^,j=i S C d , 



E 



^p)-^Q)\ = dJ^it\^ 2 -^ E 

j=l j=a+l 

fc=0,...a-l v 7 

0,...b— 1 



where p = a/ (a + 6). 

Proof. Introduce a random Gaussian vector \cp) ~ jV C d(0, 1) [7], i.e. = -i= X^j=i( a j + 

with independent Gaussian distributed real and imaginary parts a.j,f3j ~ A/*(0, 1) of zero mean 

and unit variance. In particular, E(<p|^?) = 1. 

Now, using this and the unitary invariance of the distribution of\<p), we see 



E 



i-Tr(^)-l TrW ) 



= E 



i-Tr(^)-lTr W )|) 



i-T^P)-!^) 



- 2 E aj,ft'~A"(0,l) 



i=o+i 



= -E XY —X - —Y . 

2 ' 2a 2b 

The sums of squares of Gaussian components occurring here are well-studied, and known under 
the name of x 2 -distributions: 

a a+b 
jr' = l .7=0+1 

their probability density being given by 



Pr{X G [x;x+dx]} = ' 



a set 



. . ^-^(x^e-^dx, Pr{Ye[y;y+dy]} = ^—y(y/2) b - 1 e-y/ 2 dy. 

This allows us to evaluate the latter expectation as follows, denoting the indicator function of 
et{...} as !{...}: 



-E 



X,Y 



-* - \y 

2a 2b 



^E x ,y (J dr l{X/2a <r< Y/2b} + J dr l{Y/2b < r < X/2a]^ 
1 f°° 

I dr(El{X < 2ar,Y > 2br} +E1{X > 2ar,Y < 2b}) 
o 

POO 

I dr(Pr{X < 2ar} Pv{Y > 2br} + Pr{X > 2ar} Pr{Y < 2br}) 
o 

/ drPr{X > 2ar} + - / drPi{Y>2br} 
o 2 J 

/•oo 

/ dr Pr{X > 2ar} Pr{Y > 2br}. 
o 



= -E 
2 

_ 1 
~ 2 
_ 1 
~ 2 
_ 1 
~ 2 
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Using the x 2 densities, the probabilities under the integrals are easily evaluated: 

a ~ 1 / \k ^— 1 /, \£ 

Pi{X > 2ar} = e~ ar ^ ^J-, Pi{Y > 2br} = e' br ^ 



k=0 



£=0 



This finally gives 

E 











i-x- 




2a 





— y 



e=o,...b-i 
k 



a + b ^— ' + Va + h/ V k 

k=0,...a—l x ' v ' v 

*=<),. ..6-1 

where we have used the integral for the Gamma function. 
We will also need the following small lemma 

Lemma 24 Let S k denote £)f =0 2^+^ We claim that for integers k>0,S k = l. 
Proof. Using the well known 'addition formula' (™) = ( n ~ 1 ) + (™~\) 

Sfe+i = g 2 -(i +fe+0 (* | *) + g 2-(^) (* +^ 



so 



2fc + 2 
fc + 1 



where the final equality is due to the addition formula and the symmetry ( 2 ^l) 
complete the proof we note that Sq = 1. 



□ 



(Bl) 

(B2) 
(B3) 



□ 



APPENDIX C: UPPER BOUNDS ON CERTAIN TRACES 

Lemma 25 Lef £ be a traceless Hermitian operator on a bipartite Hilbert space Ha ®Hb- Let P^l lA and 

^symB denote the projector onto the completely symmetric subspace ofH^ 4 and H% A , respectively. 

Then, with the shorthands t := Tr(£ 2 ), a := Tr(£^) and b := Tr(^), where £4 = Tre(£) and 
= Tr A (0, 

Tr (( P syl A ® P syms)^ 4 ) < ^2 ( 153 ^ + 126 ^ + UQtb + ^ + %2 + 30a6 ) " ( C1 ) 
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The proof is conceptually simple but a little long. We write the projection operators as averages 
over the unitary operators which permute the four subsystems. Defining, for permutations n G 
S4, the representation 

je{l,...,d} m i=l 

where {| j^ji^jxd is an orthonormal basis for the z-th copy of Ha in Wjf 4 , and defining Uj* simi- 
larly: 

7r£S4,cr£S , 4 

Clearly (w, a) — > (g> is a representation of £4 x S4. S4 x 6*4 has a subgroup consisting of 
all the elements of the form (g, g), which we'll denote by R. 

If (7r', a') = r _1 (7r, a)r for some r E R, we write (V, a') ~ (-7T, cr) and note that the correspond- 
ing terms are equal since 

Tr (L# ® ^e 04 ) = Tr ((^ ® ® Uf)^{U^ ® U*S) = ^ {U£ ® ^f^ 4 ) • 

Essentially conjugation by an element of i? corresponds to a permutation of the identical £ 
operators, and therefore leaves the term unchanged. 

The set of all 24! 2 terms is partitioned by the equivalence relation ~ with the terms in each 
subset all equal to each other. We shall refer to these subsets as the i?-conjugacy classes of S4 x £4. 
Clearly, the i?-conjugacy classes form a finer partition of £4 x £4 than the normal conjugacy classes. 

By demonstrating an appropriate upper-bound for the terms in each ii-conjugacy class, and 
calculating the size of each class, we will prove the upper bound |C1] |. 

Tensor Diagrams. Let establish an orthonormal basis {\i)a} ((H) b}) for Ha (Hb)- In this basis, we 
can write £ in component form thus t^j = (k\A ® (IIb^a ® \ j) b 
We would like to demonstrate upper bounds for terms of the form 

TV (TT A m TT B C^\ — ta^(l),^(l)t a7r ( 2 )' 6o '( 2 )e a7r ( 3 )' 6o '( 3 )t a7r ( 4 )' 6 ' T ( 4 ) (ri\ 

ir yu n 09 u a ^ ) — $ ol61 t, a2 b2 t, a3 b3 ^ a464 , [y/.) 

where the ai and bi (i G {1, 2, 3, 4}) are dummy variables to by contracted over according to the 
Einstein summation convention. Using indices in our calculations would be rather messy and 
confusing. Instead we use the ingenious tensor diagrams of Penrose |2T| : 

We denote our bipartite Hermitian operator £ by Q . The "terminals" of this diagram corre- 
spond to indices like so 

(Alice) 

/-fc,Z k -I L. i 

~ I -I I- 3 ■ 

(Bob) 

Joining the terminals with "wires" denotes contraction of the corresponding indices 



ck,lcr,m _ * -I I 1 I- P 

^r,j^p,q — I -| \- j m-| \-q 
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U : = TV B (0 = Q , & := Tr A (£) = Q , 
Tr(0 = g = 0, Tr(a = = t, 

it(fi) = = ^ Tr(e|) = =&. 

In an effort to keep the diagrams tidy and compact, we sometimes use a pair of vertical grey 
lines, one with wires entering from the right and the other with a matching set of wires entering 
from the left. A diagram with this feature is to be read as equivalent to the diagram one obtains 
by identifying the grey lines in parallel to join the matching wires. It should not be confused with 
the bars drawn across wires (by Penrose and others) to denote (anti-)symmetrization. 



Here is an example showing how a diagram corresponds to a particular term of the form (C2|: 





I r- 


1 * 








9 


1 


-he 

n 


m 


y 





In Fig. [I] we provide a table with a diagram representative of each of the -R-conjugacy classes 
organised by the conjugacy class of S4 x S4 which contains it. 

The size of each ii-conjugacy class is written to the right of the corresponding diagram. An 
upper bound is given and diagrams which are identically (by virtue of having a factor of Tr (£) = 
0) are drawn in a lighter shade of grey. 

Proofs of upper bounds. We give bounds for the terms shown in the upper-right triangle of Fig. [I] 
Bounds for those terms below the diagonal follow from these by exchanging the roles of the par- 
ties. We will make repeated use of the Cauchy-Schwarz inequality for the Hilbert-Schmidt inner 
product, 

Lemma 26 | Tt(A^B)\ 2 < (Tr(A^A))(Tr(B^B)). □ 

Let P denote a positive semidefinite hermitian operator. We have the inequality Tr(P 2 ) < 
(Tr(P)) 2 (by the spectral decomposition of P for example). From this fact and the Cauchy- 
Schwarz inequality it follows that 

Lemma 27 If P and Q are both positive semidefinite, then Tr(PQ) < {^{P^i^iQ))- D 
Third, since the partial transpose map is selfadjoint, 

Lemma 28 The quantities t, a and b are unchanged if we replace £ with £ r . □ 



Proof of Lemma 25 We go through the types one by one. 



(2,2):(2,2) = (TrCC 2 )) 2 = t 2 . To show that the same bound applies to 



^□ ^□^□^ Ql , we note that it can be written as Tr ((Tr^Z)) 2 ), where 

Z={£®t c ){t A ® |*X*l)(C®lc) 

and |$) = YL\ ® \i)c- Since Z = ((£ ® t c )(t A ® |*))) ((£ (8) t c )(t A <g> |$))) f , it is 
positive semidefinite and as such Tr^Tr^Z)) 2 ) < (Tr(Z)) 2 . The result follows by noting 
that Tr(Z) = t. 
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(2,2):(1,1,1,1) gggg = (Tr(e A )) 2 = « 2 - 
(2,1,1):(2,1,1) gggg =06. 

(4):(4) Noting that £ 2 is positive semidefinite, and applying Lemma 
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we get ^QQO; 



Tr(£ 4 ) < (Tr(£ 2 )) 2 = i 2 - The partial-transpose of £, £ r , has the diagrammatic represen- 
tation ~Q~ (we choose to take the transpose on Bob's system). Substituting, this for £ 

shows 



in ^□zQzQzC^ results in the diagram QT3~0~OLi = (Tr(£ r )) 4 , so Lemma 
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that the same bound applies here. The Cauchy-Schwarz inequality yields |Q^Q^Q^ Qj 

1/2 



Tr((e r ) 2 (a r ) < ^(T r (er ) )4 (Tr ((£2 ) r) )2 = ^ . ^g^] , which 

can be seen to be < t 2 because of the previous two bounds. 




<4):<2,1,1) ^Q^q^ = Tr((TV B (£ 2 ))£ 2 ) < (Tr(e 2 ))(Tr(£ 2 )) = ta, by Lemma 
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^g^q g = Tr(£(a ® 1b)Z(U ® 1b)) < TV(£(e 2 ® = ^Q^ O^ , where 

we have used the Cauchy-Schwarz inequality. 



/ X 1/2 

(4):(3,D ^Qq p; < ( |OCQO| • ^OC^ O^ J . Using the results for these two 
diagrams and the arithmetic-geometric mean inequality we can bound this expression by 
t(t + a) [2, as was claimed. N J^Q^Q^~J^ is given by substituting £ r into the previous 



diagram, so by Lemma 28 the previous bound applies. 



(4):(2,2) SnTjFp? = Tr(Tr jB (£ 2 )) 2 < t 2 . For the other diagram we use the Cauchy-Schwarz 

1/2 



^equality: ^QQg < ([Tr [ QD • )] [Tr( BS • BS 



(2,2):(2,1,1) |Qzl~~^ |O^Oj = ta. For the other diagram in this class it is useful to define Y B :- 
Tta ® 1b)) ■ We define Ya similarly but with the roles of the parties reversed. 



Tr(Yj) = Tr((Tr A (e(^ ® 1 B ))) • Y B 
= Tr(£(£ A ® r B )) 



< J(iv(a)(^i))(Tr(yj)), 
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and therefore 

Tr(yJ)<(Tr(a)(Tr(Ci))=ta. 
Similarly Tr(Yj) < tb. Hence, gggg = Tr(Yj) < to. 

(4):d,W) gggg = Tr(^) < (Tr(£ 2 )) 2 = a 2 . 

(3,1):(3,D jn ^rfg = Tr((U ® 1 B )£ 2 (1U ® &)) = Tr(£ 2 (a ® Using the Cauchy- 

Schwarz inequality we upper bound this by J (Tr(^ 4 ))(Tr(^))(T 1 r(^)) / which in turn is 



bounded by (Tr(£ 2 )) y(Tr(f^))(Tr(£|)) < (ta + t&)/2, using arithmetic-geometric mean 
inequality at the end. is given by substituting £ r into the previous diagram, 



so by Lemma 28 the same bound applies. 



(3,1):(2,2) ^QQ^g = Tr((Tr B (a)Y A ) < V( Tr (^B^W (^(Y 2 )) < t(t + 6)/2. 



(3,1):(2,1,1) = TV(eilA) < ^(TY(el))(TY(y|)) < a(t + b)/2. 

Now, collecting terms according to the multiplicities found in the table of Fig. [I] we conclude 
the proof. □ 

Remark 29 Note that for every pair of conjugacy classes of permutations, all the types falling into the 
corresponding box in Fig. ^share the same upper bound. 
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Bob 



< 





< 4 > 6 


(3,1) g 


(2,2) 3 


(2,1,1) 6 


(1,1,1,1) j 


(4) 

6 


^ssd 24 


£jOQ^ 24 

^gsgg 24 

(t 2 + ta)/2 

48 


tooo; i 2 

^5SSg^ 6 
t 2 

18 


ta 

36 


gssg 6 

a 2 

6 


t 2 

36 


(3,1) 

8 


jLELHiy 24 

> ^3SSfi^ 24 

(t 2 + tb)/2 

48 


x^cffiy 24 

(ta + tb)/2 

fxizzStzixiiziltzb 

64 


Xmciy 24 

t(t+b)/2 

24 


&ot^ 24 

a(t+b)/2 


gegg 8 

8 


r — HH — V — *)c — h 

48 


(2,2) 

3 


r 1 — 1 1 — i— i— i— i — >) 
t 2 

18 


&rfttd 24 
( L - H - H - j i( i - | i 

t(t+a)/2 

24 


t 2 


X- ^X- ^ ^ 

ta 

18 


gicggxg 3 

a 2 

3 


t 2 

9 


(2,1,1) 

6 


tb 

36 


JtjMj^ 24 

b(t+a)/2 

48 


12 

tb 

18 




gggg 6 
6 


twztoild 24 

t 1 — 'if 4 — hr 1 — S 

36 


(1,1,1,1) 

1 


b 2 

6 


8 


b 2 

3 


gggg 6 
6 


1 



FIG. 1: Sizes and upper-bounding expressions of the R-conjugacy classes. The faded diagrams are identically 
zero (because they contain a factor of Tr(£)). 



